We apply the coupled cluster method ͑CCM͒ to the U͑1͒ lattice gauge model in 2ϩ1 dimensions, basing our analysis on a reference state which already contains a certain class of single-plaquette correlations, the socalled ''mean-field'' reference state. We consider the simplest possible approximation scheme for the coupled cluster calculation, in which only single-plaquette correlations are included. The use of the ''mean-field'' reference state allows us to reproduce, within this level of approximation, the correct leading-order behavior of the ground-state energy of the equivalent Mathieu problem in both the strong-and weak-coupling limits. In addition, we have calculated the mean plaquette and the odd-and even-parity mass gaps.
I. INTRODUCTION
Although most of the effort in the field of lattice gauge theories ͑LGT͒ has been put into the Lagrangian formulation, there are several advantages to consider these theories in the Hamiltonian formulation ͓1͔. In particular, the Hamiltonian approach can remove the need to extrapolate the results obtained on finite lattices to the infinite lattice limit. It also leaves the time dimension continuous, so that the extrapolation to the continuum limit need only be performed in the spatial dimensions. A further advantage of the Hamiltonian formalism is that it permits a direct application of the techniques of quantum many-body theory ͑QMBT͒ to the study of LGT systems.
QMBT has undergone rapid progress over the last decade, with particular advances in the method of correlated basis functions ͑CBF's͒ ͓2͔ and the coupled cluster method ͑CCM͒ ͓3͔. Both these methods have been applied to a vast array of problems in many-body physics, and, more recently, to lattice gauge theories ͓4 -6͔, in particular U͑1͒ and Z 2 . A method related to the CCM has also been applied to SU͑2͒ ͓7͔.
The U͑1͒ model in 2ϩ1 dimensions has served as a testing ground for many techniques in LGT, among them the CCM ͓5,6͔, the CBF method ͓4͔, Páde approximant extensions to strong-coupling series ͓8,9͔, variational techniques ͓10-14͔, and the so-called t expansion ͓15͔. Although the U͑1͒ model is comparatively simple, it is strongly nonperturbative and as such provides a real test for the various methods.
The CCM has proved its worth as a method of QMBT in fields as diverse as prototypical field theories, spin-lattice systems of interest in magnetism, and quantum chemistry ͑for a review, see Ref. ͓16͔͒ . In a previous paper ͓5͔, the CCM has been applied to the U͑1͒ model with very encouraging results. However, the approach outlined in this earlier work was better suited to the strong-coupling region, and considerably more numerical effort was required to obtain accurate results in the weak-coupling regime. In the present paper we present an alternative approach to the problem which reproduces the correct behavior in both limits with minimal numerical effort ͑although without using this knowledge as input͒, and gives very good results in the intermediate-coupling region as well.
The paper is arranged as follows. In Sec. II, we provide a brief outline of our approach, stressing in particular the areas in which it differs from that of Ref. ͓5͔ . In Secs. III and IV, the approximations which we employ are described, while our results for several ground-state properties and the mass gaps are presented and discussed in Sec. V. Section VI contains our conclusions and a discussion of future work.
II. COUPLED CLUSTER FORMALISM FOR THE U"1… MODEL
Since the general formalism for applying the CCM to lattice gauge theories has been discussed at length in Ref. ͓5͔ , we shall keep the present discussion brief and only expand where the present work differs from that of the earlier literature.
For U͑1͒ theory in 1ϩ1 dimensions ͓the one-dimensional ͑1D͒ chain͔ and 2ϩ1 dimensions ͑the 2D square lattice͒, it is possible to write the Hamiltonian entirely in terms of the plaquette variables ͕B p ͖:
͑1͒
where the sum on p runs over all elementary plaquettes, and the sum on q over all lattice vectors connecting nearestneighbor plaquettes on the lattice. Thus, q takes two values for the 1D chain, and four for the 2D square lattice. Since this Hamiltonian is invariant under the transformation ͕B p ͖→͕B p ϩ2n͖, with n integral, the space of B p is compact with ϪрB p р for all p.
In what follows, we will require the definition of an inner product of two functions of the plaquette variables. For functions ͗g (͕B p ͖)͉ and ͉ f (͕B p ͖)͘, we define the inner product
͑2͒
In the limit of a single plaquette, the Schrödinger equation corresponding to the Hamiltonian of Eq. ͑1͒ reduces to the one-body Mathieu equation. In previous work ͓5͔, the reference state for the CCM analysis was taken as the strongcoupling (ϭ0) ground state of the Mathieu equation, i.e., as a constant. The correlation operators were then expanded in terms of the excited ϭ0 eigenstates of the Mathieu equation, which are simply the trigonometric functions cos nB and sin nB, nϭ1,2, . . . .
The use of the strong-coupling Mathieu ground state as the reference state means that it becomes progressively more difficult to obtain converged results as increases into the weak-coupling regime. In the present work, we use a different reference state which allows us to obtain much improved convergence throughout the range 0рϽϱ.
If we denote the constant reference state by ͉0͘, we define our new reference state as
The operator T is defined to be Tϭt͚ p cos B p , where t is a parameter to be determined by some external means ͑e.g., variationally͒. In the sense that some one-plaquette correlations are included in this state, ͉⌽͘ can be viewed as a ''mean-field'' ͑MF͒ reference state. If we assume that the state ͉0͘ is normalized to unity, then the ''mean-field'' reference state ͉⌽͘ is normalized to ͓I 0 (2t)͔ N p , where N p is the total number of plaquettes on the lattice and I 0 is the zerothorder modified Bessel function.
The exact ground-state ket of the Hamiltonian of Eq. ͑1͒ is now taken in the CCM form . The presence of the term ϪR n in Eq. ͑7͒ is to correct for this. Note that no change is necessary for the odd parity operators sin nB p , as ͗⌽͉sin nB p ͉⌽͘ vanishes on account of the odd character of sin nB p under the substitution B p →ϪB p and the fact that the inner product involves integration over a symmetric interval.
In the CCM the ground-state bra ͗⌿ 0 ͉ is not the manifest Hermitian conjugate of the ket, but is parametrized independently in the form ͓16͔ ͗⌿ 0 ͉ϭ͗⌽͉S ͕͑B P ͖͒e
where S is as defined above for the ground-state ket. The operator S is given by should be stationary with respect to variations in both the bra-and ket-state coefficients. The CCM can be extended to the determination of the excited states of a system as well as its ground-state properties. In the conventional CCM, the excited states are constructed by acting on the ground state with an excitation correlation operator X, which has a similar partitioning to S for excited states which have the same symmetry as the ground state; for excited states with a different symmetry ͓e.g., parity, as in our U͑1͒ case͔, the excitation correlation operator for these states must reflect their underlying sym- 
III. THE ''MEAN-FIELD'' APPROXIMATION
The simplest approximation scheme available is the ''mean-field'' scheme, in which we set Sϭ0 and S ϭ1. We thus approximate the exact ground-state ket and bra by ͉⌿ 0 ͘ϭ͉⌽͘; ͗⌿ 0 ͉ϭ͗⌽͉ ͑13͒ and the expectation value of the Hamiltonian by
There is thus only one parameter, namely t, to determine, and we do this by requiring that H should be stationary with respect 1 to t. This value of t, which we denote by t 0 , is given by the solution of the equation
where the prime denotes differentiation with respect to t. In our subsequent calculations, where S 0 and (S Ϫ1) 0, we shall choose t 0 to satisfy Eq. ͑15͒, i.e., to minimize the ''mean-field'' estimate 2 of H MF of Eq. ͑14͒. The advantage of using ͉⌽͘ rather than ͉0͘ as a reference state becomes clear from an examination of the strongcoupling (→0) and weak-coupling (→ϱ) limits of Eq. ͑14͒. If we denote H MF (tϭt 0 ) by E g MF , we find in the former case ͑to lowest order͒ that
which agrees with strong-coupling perturbation theory for the Mathieu problem ͓and, in fact, with the U͑1͒ result in any dimension͔ to the order shown. In the case of weak coupling, we find that
with C 0 ϭ1. This agrees with the result of weak-coupling perturbation theory for the Mathieu problem to the order shown. ͓It should be noted that the U͑1͒ problem has a similar weak-coupling expansion, with C 0 ϭ0.9833 for the 1D chain ͓17͔ and C 0 ϭ0.9581 for the 2D square lattice ͓4͔.͔ Since we obtain the correct behavior in these two limits without the addition of any correlations apart from those already included in T, we should be able to obtain very good results at low orders of approximation in the CCM calculations throughout the range of . This emphasizes the nonperturbative nature of the CCM, since both the Mathieu and U͑1͒ problems are well known for lack of convergence in their strong-coupling perturbation expansions.
The fact that this very low-order ''mean-field'' approximation, which includes only some one-body correlations, leads to results for the ground-state energy in the weakcoupling regime which are less than 2% in error for 1D and less than 5% in error for 2D suggests that the higher-order correlations play a small role in determining the ground-state energy of these U͑1͒ lattice systems.
In previous work ͓5͔, the connection between the CCM and strong-coupling perturbation theory for the U͑1͒ model was stressed. The use of a constant reference state in that work made this analysis simple and straightforward. In the present work, the use of the more complex reference state ͉⌽͘ makes this analysis more complicated, even for low orders. This is because of the relationship of Eq. ͑15͒, which only allows analytic solution for very low orders. For this reason, it is not readily feasible to replicate the high-order comparisons between the various SUB1(m) approximations and 2mth order perturbation theory as was done in Ref. ͓5͔.
IV. THE ONE-PLAQUETTE APPROXIMATION SCHEME

A. Ground state
The formulation described above is in principle exact if all the correlation operators ͕S k ,S k ;kϭ1,2, . . . ,N p ͖ are included in the calculation. However, since we are ultimately interested in the situation where N p →ϱ, this is obviously not a feasible proposition and some form of approximation becomes necessary.
One of the most popular schemes for approximating the full CCM is the so-called SUBn scheme, in which only those correlation operators ͕S k ,S k ͖ with kрn are retained, and the remainder set to zero. In our subsequent calculations here, we will work in the SUB1 approximation, i.e., SϵS 1 ,S ϵ1ϩS 1 . While this scheme constitutes a very major approximation, it provides a useful and simple testing ground for properties such as the convergence of the method as a function of the coupling and, by comparison with results from other methods in which the identification of different orders of correlation is not so straightforward, of the importance of higher-order correlations.
Because of the linear dependence of H on S in Eq. ͑10͒, the CCM equations for the ground-state energy E g and the ket-state coefficients are independent of the bra-state coefficients. Within the SUB1 approximation, E g is given by 
The equations for the ket coefficients are
The SUB1 scheme as it stands, however, is still insufficient to allow for exact calculations to be performed because of the infinite sums over the mode indices n which appear in the definitions of S 1 and S 1 . We therefore introduce an additional subtruncation scheme, the SUB1(m) scheme, in which we set the coefficients a n and ã n with nϾm to zero.
B. Excited states
We now turn to the parametrization of the excited states within the SUB1 approximation. Since there are two possible branches of excitations for the U͑1͒ model, which are distinguished by their parity under the transformation ͕B p ͖→͕ϪB p ͖, we require two excitation correlation operators. We will denote the even-parity operator by X e and its odd-parity counterpart by X o . Within our SUB1 level of approximation, these operators are given by their one-body partitions
The It is at this point that a major difference between the results of our present work and those of the previous analysis based on the constant reference state appears. If a constant model state is used, all coefficients at the SUB1 level of approximation ͑i.e., for ground-state bra and ket states, and for even-and odd-parity excited states͒ are independent of the coordination number of the lattice z ͑i.e., the number of nearest-neighbor plaquettes for a given plaquette͒, since the last term in the Hamiltonian ͑the term ‫ץ‬ 2 /‫ץ‬B p ‫ץ‬B pϩq ) never contributes, and the analysis is essentially a way of solving the Mathieu equation. In our approach with a ''mean-field'' model state, we find that the odd-parity excitations do depend on z, even though the ground state and even-parity excitations are independent of z. The set of equations which we have to solve for the coefficients of the even-parity excited states is given by
x n e ͑R mϩn ϪR m R n ͒, mϭ1,2, . . . ,
͑26͒
while those for the odd-parity excitations are given by
In the above equations, x n e ϵX p e (n) and x n o ϵX p o (n); both are independent of the plaquette index because of translational invariance. We have also extended these definitions to include negative values of n using the relations x Ϫn e ϭx n e , x Ϫn o ϭϪx n o , and x 0 o ϭx 0 e ϭ0. In the derivation of the above equations we have made use of the recurrence relations of the modified Bessel functions ͓18͔.
As in the case of the ground state, a truncation of the mode indices is necessary to make the calculation tractable. We can again employ the SUB1(m) scheme, in which we retain only those coefficients a n and x n with nрm in Eqs. ͑26͒ and ͑27͒. The determinations of ⑀ e and ⑀ o then reduce to the solutions of generalized eigenvalue equations.
The excitation energies which are of particular interest are the lowest excitations in each parity sector, the so-called mass gaps. The lowest excitation in the odd-parity sector ͑sometimes referred to as the photon-sector mass gap͒ is related to the glueball mass M A ͑see below for the precise relationship͒, where the subscript indicates antisymmetric.
The even-parity mass gap is related to the physical vacuumsector mass gap M S (S for symmetric͒.
V. RESULTS
In this section we present the numerical results of our CCM SUB1 calculations for the ground-state energy and the mass gaps. In addition to these spectral observables, we have also calculated other quantities which are of interest in the study of lattice gauge theories, namely, the specific heat, Wilson loops, and the mean plaquette.
The specific heat is of interest as it gives some indication of the coupling at which the ground-state energy changes from the power-law behavior at strong coupling to the nonanalytic square-root behavior for weak coupling. Wilson loops and the mean plaquette can be used as order parameters to investigate the phase structure of lattice models ͓19͔.
A. Ground-state energy
The fact that the ground-state energy of the U͑1͒ model under the SUB1 approximation is independent of the lattice coordination number, together with the observation that the last term of the Hamiltonian of Eq. ͑1͒ does not contribute to either E g or the ket coefficient equations at this level of approximation, means that at the SUB1 level we are solving the Mathieu problem. The ground-state energy per plaquette, E g /N p , is therefore identical to the lowest eigenvalue of the Mathieu equation for a given value of the coupling.
We show our numerical results for E g /N p for the U͑1͒ model under the CCM SUB1 approximation in Table I over a wide range of . It is clear from the results that we obtain good convergence over the entire range of couplings, but particularly in the strong-and weak-coupling limits. The convergence at ϭ200 is very impressive, and stresses the ability of the CCM to perform remarkably well far outside the perturbative region.
It is simple to show that the results obtained for the ''mean-field'' approximation above, where we showed that the CCM energy in both limits reproduced the relevant loworder perturbation theory expansions, remain true at the SUB1 level, i.e., the additional correlations introduced by S 1 do not disturb the extreme strong-or weak-coupling behavior.
B. Specific heat
The ground-state energy in LGT is the analogue of the free energy of statistical mechanics, with a similar analogy between the coupling and the temperature. It is thus customary in LGT to refer to the second derivative of the groundstate energy with respect to the coupling as the specific heat, which we will denote by rather than the more usual C to avoid confusion with contours on the lattice which are introduced below in connection with Wilson loops.
We define as
͑28͒
where ␤ϭ 1/2 . We have chosen this definition ͓15͔ so as to obtain a peak in as the ground-state energy changes character from strong to weak coupling, rather than the shoulder which would occur if we were to define it in terms of the second derivative with respect to ͓9,20͔.
We show as a function of ͱ for the SUB1͑8͒ approximation in Fig. 1 . There is no discontinuity in , which strongly suggests the lack of any phase transition. The peak in is the result of the change from strong to weak coupling, which, according to our results, occurs in the region of Ϸ0.6. This is in good agreement with previous results ͓10,15͔.
C. Mass gaps
The formalism for describing excited states within the CCM has been described above. In this section, we present the results of our SUB1 calculations for the mass gaps for the U͑1͒ model in 2ϩ1 dimensions. As was the case for the ground-state energy, the evenparity excitations at the SUB1 level are independent of z, so that the mass gap is simply the second-lowest positive parity eigenvalue of the Mathieu equation. For the odd-parity excitations, on the other hand, z does enter the equations ͓see Eq. ͑27͔͒. To reproduce the Mathieu results, we must take zϭ0. The odd-parity mass gap is then the lowest odd-parity eigenvalue of the Mathieu equation. The results of these two calculations are shown in Tables II and III . Although the convergence is not as good as in the case of E g /N p , it is still impressive.
The fact that Eq. ͑27͒ contains a z dependence means that we expect different behaviors for the two cases zϭ0 ͑Mathieu͒ and zϭ4 ͓U͑1͒ in 2ϩ1 dimensions͔. It is well known that ⑀ o for U͑1͒ in (2ϩ1)D falls off rapidly with increasing coupling, while for the Mathieu problem it increases, as we have seen in Table III . We have therefore carried out SUB1 calculations with zϭ4.
The physical glueball mass M of the U͑1͒ system in (2 ϩ1)D is related to the mass gap ⑀ of the Hamiltonian of Eq. ͑1͒ by
where a is the lattice spacing. It is expected that M should decrease exponentially with increasing , according to the expression
͑30͒
In Fig. 2 we therefore show plots of ln͓(⑀ o ) 2 / 3/2 ͔ against ͱ for SUB1͑4͒ and SUB1͑10͒ approximations. The predicted exponential decrease with in the weak-coupling regime is clearly visible.
We have performed least-squares fits to the data of Fig. 2 over the range 1рͱр2.5 to determine the coefficients b 1 and b 2 in Eq. ͑30͒. Our results, together with those from other calculations, are shown in Table IV . Our results are clearly comparable with those obtained by other methods.
One quantity which we cannot predict at the SUB1 level is the ratio of the mass gaps M S /M A , since our results for ⑀ e are essentially only for the Mathieu problem. In the weakcoupling limit, this ratio is expected to be Ϸ2, corresponding to the lack of a stable glueball in the U͑1͒ theory in the limit →ϱ. To make a prediction for this ratio, correlations beyond the SUB1 level will have to be included in the calculation of the even-parity mass gap.
D. Wilson loops and the mean plaquette
We begin by defining the path operator P C for a contour C as
where the product runs over all N C plaquettes which lie inside C. The Wilson loop W C is defined as the expectation value of P C in the ground state, so in our CCM analysis it is given by
Note that the mean plaquette Uϵ͗cos B p ͘ is simply the smallest Wilson loop, in which C is a single plaquette. At the SUB1 level, we obtain TABLE II. Even-parity mass gap for various values of for U͑1͒ lattice gauge theory in 2ϩ1 dimensions within the SUB1(m)-approximation scheme for mϭ1, 2, 3, 5, 10, 20 . Within the SUB1 approximation this mass gap of the U͑1͒ model is equivalent to the first even-parity excitation of the Mathieu problem. 
͑33͒
The Wilson loop serves as a gauge-invariant order parameter to distinguish between a confined phase, where, in the limit of a large loop, it decays according to an area law (W C ϳexp͓ϪKA͔, with A the area enclosed by the loop͒, and a deconfined phase, where the decay follows a perimeter law (W C ϳexp͓Ϫkp͔, with p the perimeter of the loop͒. Since the U͑1͒ model in 2ϩ1 dimensions is confining at all couplings, we expect an area-law behavior everywhere. This is indeed the case, as can easily be seen from Eq. ͑33͒ if we take the limit N C →ϱ. In this situation, the prefactor dominates and we obtain
with a clear area-law behavior. It is tempting to identify the coefficient K of the area law as the string tension, as was done in Ref. ͓10͔. However, there are dangers in doing this. Our Wilson loops are spacelike rather than timelike, and K is thus not the coefficient of the linear contribution to the static quark-antiquark potential. We will thus avoid making this identification in this work.
The mean plaquette is the simplest gauge-invariant quantity in a pure gauge theory, and, since it can be obtained from the Hellmann-Feynman theorem, as
represents the internal energy of the thermodynamic system corresponding to the lattice gauge model. It provides an order parameter for lattice gauge systems in the sense that it exhibits singularities in the bulk thermodynamics at phase transitions, but has the disadvantage that it is always nonzero and thus cannot be used to distinguish phases in terms of it vanishing in one phase and not in another. However, discontinuities in U as a function of the coupling provide a useful means of spotting phase transitions ͑see, for example, Ref.
͓22͔ for the case of U͑1͒ LGT in 3ϩ1 dimensions, which has a deconfinement transition͒. In our calculation there is no indication of any discontinuity in U and thus no suggestion of a phase transition. This is as would be expected for U͑1͒ theory in 2ϩ1 dimensions ͓23͔. Numerical results for the mean plaquette, as calculated in various SUB1(m) approximations, are shown in Table V and are in good agreement with the results of other methods.
VI. FUTURE WORK AND CONCLUSIONS
In the present work we have applied the coupled cluster method to the U͑1͒ model in 2ϩ1 dimensions. The analysis is an extension of that presented in Ref. ͓5͔, in which the convergence of the method has been greatly improved, particularly in the weak-coupling regime, by the use of an improved reference state which includes some one-body correlations. We have worked only at the simplest level of approximation, namely the SUB1 level, where only intermode couplings are considered in the correlation operator, and no account is taken of inter-plaquette correlations. Under the SUB1 scheme, the CCM analysis of the U͑1͒ model essentially reduces to the solution of the Mathieu problem; a notable exception to this general conclusion is the calculation of the odd-parity mass gap, which, even at the SUB1 level, displays a dependence on the lattice coordination number.
The results which we have obtained, even at this low level of approximation, are indicative of the power of the CCM and, in particular, its ability to obtain well-converged results far ouside the perturbative regime. Although it is possible to view the CCM as a particularly ingenious resummation of perturbation theory ͓5͔, the method is inherently nonperturbative and, as such, has a great advantage over more ad hoc schemes for forcing or accelerating convergence such as Padé approximants. The ability of the CCM to obtain fully converged results for any coupling for the notoriously nonperturbative Mathieu problem to arbitrary accuracy for comparatively little numerical effort is a strong indication of its usefulness in other nonperturbative problems.
One of the advantages of the CCM is that its formulation in terms of correlation operators means that it is comparatively simple to identify the contribution of particular levels of correlations to observables. However, because of the fact that there is no guarantee that the SUBn series of approximations is smoothly convergent to the exact result, one has to be cautious in making sweeping statements about the relative importance of a particular level of correlation in a calculation. Nevertheless, our results suggest that the ground state of the U͑1͒ system is comparatively weakly correlated. The fact that the ground-state energy of the Mathieu problem is within 5% of its counterpart for the U͑1͒ problem in (2 ϩ1)D in the extreme weak-coupling limit and essentially exact in the extreme strong-coupling limit is already indicative of this. Our SUB1 results for the mean plaquette, which are in good agreement with those of other methods, support this conclusion.
The excited states are rather different, since the Mathieu results for these energies have a completely different behavior to those of the U͑1͒ problem. This is particularly clear for the even-parity excitations, and the inclusion of two-body and higher correlations are obviously necessary if we are to obtain acceptable results for the U͑1͒ system. Nevertheless, our reference state in some sense includes longer-range correlations for the odd-parity mass gap, as shown by its coordination-number dependence in the SUB1 approximation. Our results for zϭ4 are entirely comparable with those of other methods.
The obvious path for future work is the inclusion of interplaquette correlations. A good starting point appears to be the inclusion of two-plaquette correlations via the so-called SUB2-m scheme, in which only correlations between two plaquettes which are mth nearest neighbors or closer are included in S. This scheme has been applied with some success to the U͑1͒ model in (2ϩ1)D ͓5,26͔ using the constant reference state, and its use in conjunction with the ''meanfield'' reference state holds great promise.
The success of the CCM in its applications to the simple U͑1͒ model in (2ϩ1)D is very encouraging, and it will be very interesting to apply the formalism to the nontrivial case of U͑1͒ theory in (3ϩ1)D, where a phase transition is expected, and also to non-Abelian models. In addition, the extension of our CCM analysis from the case of pure gauge theories to those including matter fields is also envisaged.
